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whether the THC may recover after the cold transition—
depends on the global-mean convective flux and may not be 
easily assessed due to its observed uncertainty.
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1 Introduction
We define the thermohaline circulation (THC, all acronyms 
listed in “Appendix A”) as the mass exchange rate between 
warm and cold watermasses, which effectuates their net 
property flux. In coarse-grained general circulation mod-
els (GCMs), the exchange takes the form of the meridional 
overturning circulation (MOC) whereby the warm out-
flow across the subtropical front is returned via upwelling 
through the thermocline. In the actual ocean or fine-grained 
GCMs however, the warm outflow may be partly com-
posed of eddy shedding, and if there were returning cold 
eddies, they would reduce the net outflow transport hence 
the MOC but not the THC. In other words, our THC is a 
generalization of the MOC transport to include the eddy 
exchange across the front.
Being the transport mechanism between the warm and 
cold watermasses, the THC would moderate their tempera-
ture and salinity difference, yet at the same time the THC is 
dynamically linked to the differential density1 on which the 
1 It has been argued that the THC requires the wind work for its gen-
esis on account of the Sandstrom theorem (Wunsch 2002), which 
however overlooks the dynamics that the thermal-induced pressure 
gradient can drive a flow. In addition, as discussed in Ou (2007), the 
varying wind work can be accommodated by changing thermocline 
depth (hence the potential energy) without impacting the THC to be 
derived here.
Abstract We formulate a box model of coupled ocean–
atmosphere to examine the differential fields interactive 
with the thermohaline circulation (THC) and their response 
to global warming. We discern a robust convective bound 
on the atmospheric heat transport, which would divide the 
climate regime into warm and cold branches; but unlike 
the saline mode of previous box models, the cold state, 
if allowed, has the same-signed—though weaker—den-
sity contrast and THC as the present climate, which may 
explain its emergence from coupled general circulation 
models. We underscore the nondeterminacy of the THC 
due to random eddy shedding and apply the fluctuation the-
orem to constrain the shedding rate, thus closing the prob-
lem. The derivation reveals an ocean propelled toward the 
maximum entropy production (MEP) on millennial time-
scale (termed “MEP-adjustment”), the long timescale aris-
ing from the compounding effect of microscopic fluctua-
tions in the shedding rate and their slight probability bias. 
Global warming may induce hysteresis between the two 
branches, like that seen in GCMs, but the cold transition is 
far more sensitive to the moistening than the heating effects 
as the latter would be countered by the hydrological feed-
back. The uni- or bi-modality of the current state—hence 
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temperature and salinity differences exert opposite effects. 
Because of the latter, the ocean may exhibit bistable ther-
mal and saline modes, as first illustrated by Stommel 
(1961) via an ocean box-model. Such bistability has pro-
vided a dynamical basis to the hysteresis seen in GCMs 
with its significant climate-change implications. But as an 
interpretative tool, ocean box-models suffer from two pal-
pable shortfalls regarding its lack of physical closure and 
atmospheric coupling, as expounded below.
A significant gap in their closure is that the proportional 
constant linking the THC to the density contrast (called 
“admittance” here drawing its analogy from the electro-
statics) is a free parameter, which renders the climate 
state undetermined as well. This nondeterminacy remains 
entrenched in coarse-grained GCMs as the admittance is 
embedded in the diapycnal diffusivity (Rahmstorf et  al. 
2005), which, over its probable observational range, may 
cause an order-of-magnitude change in the modelled THC 
(Bryan 1987; Dalan et al. 2005). The diapycnal diffusivity 
used in such GCMs thus is in effect an empirical parameter 
that is finely tuned to yield the observed state. This sensi-
tivity necessarily impacts the GCM’s prognostic utility in 
climate-change studies, which, as we shall see, can be alle-
viated if eddy exchanges are properly included.
Observations show that the subtropical front is highly 
unstable to spawn copious eddies, which may facilitate the 
THC. Indeed, eddy census (Auer 1987) show that about 
20 warm eddies are shed annually and, if one takes their 
mean depth and diameter to be 1 and 130 km, respectively, 
it amounts to a mass flux of O (10 Sv), which is commen-
surate with the observed THC. Since eddy shedding is a 
microscopic hence random process (Zaslavsky 1999), its 
rate is likely governed by probability laws of the nonequi-
librium thermodynamics (NT); and it is the application of 
the NT to constrain the THC—thus fostering a physical 
closure—that particularly distinguishes our box model.
The other shortfall of the ocean box-models pertains to 
their saline mode, which features reversed density contrast 
and THC from the present, a state not yet corroborated by 
paleoclimate data. In contrast, the coupled GCMs (Manabe 
and Stouffer 1988) show a stable cold state with nomi-
nal—though weaker—density contrast and THC. Unlike 
the saline mode, this cold state can be identified with the 
glacial climate, whose dynamical basis however remains 
unknown. Through our coupled box-model, we show that 
the atmospheric coupling can be the progenitor of this cold 
state, which thus may fill this dynamical void.
With above closure and extension of the box model, we 
shall then apply it to examine the climate response to the 
global warming, defined as the rising global-mean tempera-
ture without implicating its origin. The GCMs have demon-
strated a transition from the current warm state to the cold 
state with sufficient warming (Manabe and Stouffer 1993), 
followed by possible hysteresis. Given the practical impli-
cation of such dramatic climate change, several intercom-
parison modelling studies have been carried out (Gregory 
et  al. 2005; Rahmstorf et  al. 2005; Stouffer et  al. 2006). 
Although the model outputs all show characteristic hyster-
esis, quantitative predictions of its thresholds vary widely, 
the source of which remains obscure because of the com-
plexity of the GCMs. Our box model with its transparent 
physics may aid the synthesis of the GCM results.
For the organization of the paper, we formulate our cou-
pled box-model in Sect. 2, followed by consideration of the 
NT in Sect. 3 to constrain the THC. In Sects. 4 and 5, we 
examine the THC response to prescribed freshwater pertur-
bation and the global warming, respectively, which will be 
compared with the GCM results. We summarize the main 
findings in Sect.  6 and provide additional discussion in 
Sect. 7.
2  Model formulation
The box configuration is shown in Fig. 1, which can be a 
deductive outcome (Ou 2006) but is taken here as a mini-
mal representation of the observed state. Both the tropo-
sphere and the ocean are divided into warm and cold boxes 
of homogeneous (eddy-averaged) property fields, which are 
symmetric about the equator and aligned at mid-latitudes. 
The internal boundaries can be identified in the ocean with 
the main thermocline outcropped as the subtropical front, 
and in the atmosphere with the polar front that separates 
the tropical and polar airmasses.
Since we are concerned with the differential fields inter-
active with the THC, we take the global-mean fields to be 
Fig. 1  The model configuration. Both ocean and atmosphere are 
composed of warm and cold boxes, which are symmetric about the 
equator and aligned at mid-latitudes. The absorbed solar flux (q′) dif-
ferentiates the SST of the ocean boxes (T′), which then differentiates 
the SAT of the atmospheric boxes (Ta′) via the convective flux (qc′). 
The moisture transport Fw differentiates the ocean salinity (S′) and the 
THC (K) is subjected to random eddy shedding to be constrained by 
the fluctuation theorem. The primed variables are the cold-box defi-
cits from global-means
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known, so the differential forcing and property fields can be 
reduced to the cold-box deficits (except the density surplus, 
all are primed) from the global-means (over-barred); the 
reason we choose the cold boxes is because the cold water 
is bounded additionally by the freezing point. Retaining 
only the dominant energy pathways, the deficit in the 
absorbed shortwave (SW) flux (q′) induces that in the sea-
surface temperature (SST, T′), which in turn induces that in 
the surface-air temperature (SAT, Ta′) via the convective 
flux (qc′).2 The resulting atmospheric heat transport is 
accompanied by the moisture transport (Fw), which induces 
the salinity deficit (S′). The oceanic heat transport is via the 
THC (K), which is subjected to random eddy shedding 
across the subtropical front hence constrained by the NT.
For simplicity, the derivation proceeds in the non-dimen-
sional form; all symbols and scale definitions (bracketed) 
are listed in appendices B and C, respectively, together with 
their “standard” values used in our model calculations. Suf-
ficing for our purpose, we consider steady-state balances. 
For the ocean, the differential heat balance, expressed in 
the cold-box deficits, states
or the deficit in the absorbed solar flux (q′) is balanced by 
that in the convective flux (qc′) and the heat carried in by 
the THC (K), with the convective flux given by
In terms of the poleward heat transport at mid-latitudes, 
(1) states that the total (lhs) is partitioned between the 
atmosphere and the ocean (the two rhs terms, respectively).
Since the atmospheric heat balance is already entailed 
in the last statement, it does not otherwise constrain the 
SAT, for which we shall invoke the maximum entropy 
production (MEP) to be discussed later (Sect. 3). Because 
of the (approximate) steady state, the atmospheric 
entropy production (EP, denoted 휎a) associated with the 
differential field equals the differential entropy flux exit-
ing its lower boundary (see Footnote 4 for the neglect of 
the differential OLR hence the associated entropy flux). 
To derive this boundary flux, we begin with the local flux 
of qs∕Ta with qs being the surface heat flux and Ta the 
SAT (in Kelvin). Denoting the global-means and devia-
tions by overbars and primes respectively and noting that 
the temperature deviation is small compared with the 
global-mean temperature (in the absolute unit), the differ-





2 The net surface longwave (LW) flux and the outgoing LW radia-
tion (OLR) are relatively uniform compared with the convective flux 
hence neglected in the differential heating. We have also neglected 
the atmospheric absorption of the SW flux, which does not enter the 
surface heat balance to be considered.
(1)q� = qc� + KT �,
(2)qc� = T � − Ta�.
Footnote 4 for the retention of only the convective flux qc′
). Applying the box approximation and nondimensional-
izing, the differential atmospheric EP is then, expressed 
in the cold-box deficits,
Substituting (2) into (3) and maximizing against Ta′ 
yields.
hence from (2),
Expectedly, the deficit in the convective flux (same as 
the atmospheric heat transport) increases with the SST def-
icit; but since the actual convective flux may not be nega-
tive (q̄c − qc� ⩾ 0), we have qc′ ⩽ q̄c or the atmospheric 
heat transport is bounded above by the global-mean con-
vective flux.
Combining this upper bound with (5), the atmospheric 
heat transport is then
which is uniquely specified by the SST deficit. It is seen 
in particular that when the cold-water deficit T′ exceeds 
2q̄c (called “convective bound”), the atmospheric heat 
transport would saturate at q̄c hence may no longer moder-
ate the oceanic heat transport. This convective bound is a 
robust feature of a coupled ocean–atmosphere system, but 
not sufficiently recognized previously. It can be understood 
by considering an ocean that is increasingly differentiated 
from an initial state of uniform convective flux (hence 
equaling its global-mean), which would augment the 
atmospheric heat transport by redistributing the convective 
flux from the cold to warm surfaces. This would proceed 
until the convective flux over the cold surface is depleted, 
so the initial (global-mean) convective flux sets an upper 
bound on the atmospheric heat transport.
Substituting (6) into (1), we derive the following expres-
sions of T′ in terms of the (unknown) THC (K), separated 
by the convective bound:
Setting q� = 1 by scale definition, we plot the above tem-
perature in Fig. 2 with the horizontal dashed bars marking 
two different values of the convective bound for compari-
son. When combined with the THC constraint to be dis-
cussed later, this graph allows the determination of the cli-
mate state and will be referred as the “regime diagram”. Its 
use was pioneered by Stommel (1961), which turns out to 
(3)휎a = qc�Ta�.
(4)Ta� = T �∕2,
(5)qc� = T �∕2.













be highly effective as well in our explanation of the climate 
behavior.
As expected, the SST deficit T′ increases (that is, the 
subpolar water gets colder) with decreasing THC, but its 
rising rate is slower below the convective bound—as the 
concurrent increase in the atmospheric heat transport (6) 
would decrease the oceanic heat transport (the total being 
fixed by q′). Above the convective bound, on the other 
hand, the atmospheric heat transport has saturated (6), so 
the fixed ocean heat transport yields a steeper rise in T′ that 
is inverse in the THC.
The differential salt balance, expressed in the cold-box 
salinity deficit, states
or the freshwater input Fw to the cold box is countered 
by the salt carried in by the THC (rhs). As recounted in 
“Appendix D”, an explicit consideration of the hydrological 
cycle by Ou (2007), adjusted for the differing catchment- 
and ocean-areas of the cold box, yields a freshwater input 
of
where 휇 is a “moisture-content” parameter, a function of 
the global-mean SAT, as seen below. It is impractical to 
discuss all the steps in Ou (2007) leading to (10), which 
(9)Fw = KS�,
(10)Fw = 휇qc�,
however can be crudely understood as follows: at mid-
latitudes, the moisture is transported by the same mass 
exchange as the atmospheric heat, so the two transports 
should be linked with a proportional constant 휇 measur-
ing the moisture content of the air column. Because of 
the Clausius–Clapeyron equation, this moisture content is 
specified by the time-mean SAT in the frontal zone, which 
can be approximated by the global-mean SAT (Rahmstorf 
and Ganopolski 1999).
Substituting (6) into (10), we derive the following 
expressions of the salinity deficit:
which is plotted in Fig. 2 for 휇 ≈ 0.3 (see “Appendix D”). 
As expected, it increases (that is, the subpolar water gets 
fresher) with decreasing THC, but its rising rate contrasts 
sharply with that of the temperature deficit: below the con-
vective bound, it is steeper because the moisture transport 
increases with the differential temperature (hence opposite 
the variation in the ocean heat transport); above the convec-
tive bound, on the other hand, the moisture transport has 
plateaued with the atmospheric heat transport, so the salin-
ity deficit increases as the inverse of the THC, just as the 
temperature deficit.
This contrast manifests particularly distinctly in the den-
sity surplus 휌′ of the cold box,
plotted in Fig. 2. Being the distance between the T′ and S′ 
curves, the slope of 휌′ curve is seen to change sign at the 
convective bound. This division into “warm” and “cold” 
branches (pertaining to the subpolar temperature itself) by 
the convective bound is a feature of the atmospheric cou-
pling hence absent from ocean-only box models (Ruddick 
and Zhang 1996).
We have so far determined the state variables T′, S′ and 
휌′ as functions of the THC (K), the latter thus needs to be 
constrained to specify the climate state. In box models, the 
THC is customarily assumed to be proportional to the cold-
box density surplus (Stommel 1961; Marotzke and Stone 
1995),
with an unknown admittance (a), a relation that is also sup-
ported by GCM calculations (Hughes and Weaver 1994). 
This is the straight “admittance line” (thick dashed) in the 
regime diagram whose slope is the inverse of the admit-
tance and whose intersection with the density curve then 
specifies the climate state (ovals). The model closure thus 








for T � ⩾ 2q̄c,
(13)휌� = T � − S�,
(14)K = a휌�,
Fig. 2  The regime diagram in which state variables are plotted 
against the THC. The convective bound (horizontal dashed bars, two 
examples are shown) divides the warm and cold branches marked 
by the opposite slope in the density curve. Microscopic fluctuations 
in the eddy shedding rate (shaded) pivot the admittance line (thick 
dashed) toward the MEP (solid squares), whose intersection with 
the density curve specifies the climate state (solid ovals). The warm 
MEP represents the current climate, which may be mono- or bi-stable 
depending on the convective bound
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3  Admittance
As noted earlier (Sect. 1), the observed eddy shedding may 
account for a sizable portion of the THC, so for simplic-
ity and without undue limitation (see later discussion in 
this section), we consider a THC that is comprised wholly 
of random shedding of warm eddies—compensated by 
returning cold eddies and/or upwelling. As such, the mass 
exchange rate is a product of the eddy shedding rate and 
eddy volume, and the latter would be proportional to the 
density contrast if the eddy radius is scaled by the deforma-
tion radius (Gill 1982). With this, we recover the relation 
(14) except the admittance is now identified with the eddy 
shedding rate—a measurable physical quantity.
Since eddies are microscopic constituents of the ocean, 
the eddy shedding is subjected to random fluctuations (see 
also Sect. 1). As such, we shall apply the fluctuation theo-
rem (FT) to constrain the (expectant) shedding rate. The 
FT quantifies the probability of fluctuations in accordance 
with their EP (Evans et al. 1993; Wang et al. 2002) as the 
latter represents the number of compatible micro-paths 
on the phase space (Dewar 2005b). In its initial formula-
tion, the EP pertains to that of the micro-paths (Evans et al. 
1993; Wang et al. 2002), but Crooks (1999, see also Sevick 
et al. 2008) has generalized it to that between macro-states, 
which is more pertinent for our application—the only dif-
ference being that our macro-state is not externally driven 
but internally propelled.
The following derivation proceeds in two steps: we first 
derive the probability of the shedding-rate fluctuations 
from the FT; and based on this probability distribution, we 
then derive the (expectant) shedding rate. Given its short 
history, the FT is still under active development with varied 
interpretations; and then the FT has not been applied to the 
eddy-shedding problem (the closest is perhaps to the ther-
mal plumes in the Rayleigh–Benard convection, see Cili-
berto and Laroche 1998), so our derivation is admittedly 
heuristic, which hopefully can be strengthened by future 
advances.
Our box configuration offers a palpable simplification in 
the derivation since frontal eddies are either shed or not, 
so the shedding rate takes on binary fluctuations. The shed-
ding events are independent (hence random) if they are sep-
arated by more than the decorrelation distance l, which can 
be taken to be several eddy diameters, and then since the 
events occur along the whole stretch of the front denoted 
by L, the shedding rate a is thus subjected to the fractional 
fluctuations of
where
(15)(ln a)� = a�∕a = ±휀,
(16)휀 ≡ l∕L.
Given a mean eddy-diameter of 150  km (Auer 1987), 
one may take the decorrelation distance to be O (300 km), 
so for a subtropical front of 3000 km length, 휀is O (0.1), a 
small number. The fluctuations in the admittance, by per-
turbing the climate state, would induce fluctuations in the 
EP (휎) as well. Applying the chain rule, the EP fluctuations 
corresponding to (15) is
where
involves only macro-variables (that is, it can be calcu-
lated from the regime diagram). As the fluctuations are 
time-reversible with odd-functioned EP (17), they satisfy 
this original requirement of the FT—although Crooks 
(1999) has proposed a less stringent condition of stochastic 





 denote the probability of the correspond-
ing fluctuations (15), the FT states that, over an infinitesi-
mal time interval 휹t 3 (Crooks 1999),
With these fluctuations being the only possible out-
comes, we have
which, when subjected to (19), yields.
or the fluctuation with higher EP (that is, [17] is positive) is 
slightly favored. Since the macroscopic shedding rate is an 
expectant property, its change over the same time interval 
is, from (15) and (21),
giving rise to a time-evolution equation
This is the missing equation we are seeking, which 
would pivot the admittance line in Fig. 2 (shaded to indi-
cate fluctuations) in accordance with the rhs of the exist-
ing climate, thus fully specifying its evolution. Since the 
above derivation is not rigorous, we shall regard (23) as a 
postulate, which in principle can be tested by fine-grained 





3 The exponent in the FT (19) needs to be dimensionless, and with 
the macroscopic variables appearing in it already nondimensional-
ized, so should the time. Here we posit that the only relevant time-
scale is the upper-ocean overturning time, to which our steady-state 
balances are also referenced.
(19)p+∕p− = exp(휀Γ훿t).
(20)p+ + p− = 1,
(21)p± ≈ (1 ± 휀Γ훿t)∕2,
(22)











GCMs that can simulate the random eddy shedding. Based 
on (23), we draw the following inferences.
1. The admittance is not a constant, but evolves toward 
higher EP, attaining stationarity when Γ = 0 or when 
the EP is maximized. This principle of maximum 
entropy production (MEP) has been widely applied in 
climate theories (see a review by Kleidon 2009) whose 
physical basis remains debated (Dewar 2005a; Grin-
stein and Linsker 2007); but if it were a deductive out-
come of the FT, as posited here, it can be further justi-
fied.
2. The admittance evolves toward the MEP on a time-
scale that is 휀−2 of the (decadal) upper-ocean overturn-
ing time (Ou 2012, his Sect. 2.3) hence millennial. We 
shall refer to this tendency as the “MEP-adjustment”, 
whose long timescale arises from the compounding 
effect of small fluctuations in the shedding rate and 
their slight probability bias. This slow tendency further 
justifies our construction of the regime diagram based 
on steady-state balances.
3. While atmospheric eddies are larger, ε remains small 
(low fraction of unity); and with the atmospheric mix-
ing time measured in weeks, its MEP-adjustment time 
is still short compared with the upper-ocean overturn-
ing time, which justifies our earlier application of the 
MEP to the SAT (4).
4. Even if the THC has a deterministic laminar compo-
nent, its remaining part is still subjected to fluctuations 
to be governed by (23); the deterministic component 
thus constitutes merely a lower bound, which does 
not otherwise impact the MEP-adjustment and/or the 
MEP state. This recognition justifies the simplifying 
assumption of an eddy-composed THC, and renders 
the THC and the resulting climate state insensitive to 
the observed diapycnal diffusivity, as alluded to earlier 
(Sect. 1).
To constrain the admittance, we shall next determine the 
MEP state of the ocean. Similar to (3), the oceanic EP is 
approximately
with qc′ given by (6). Below the convective bound, the 
maximization of (24) yields T � = q� = 1 (by scale defini-
tion) hence, through (5), (1), (10) and (9), a “warm” MEP 
state of
as indicated in the regime diagram. Above the convective 
bound on the other hand, qc′ is fixed, so the EP increases 
with T′ (24) until the freezing point (Tf ′) beyond which the 











balance (1); and since decreasing q′ in (24) implies smaller 
EP, the EP thus has a maximum at the freezing point, which 
is the “cold” MEP state labelled in the regime diagram.
The warm MEP can be identified with the current cli-
mate, and for a crude comparison, we use the standard val-
ues listed in appendices B and C to yield a subpolar SST 
of 8 ◦C, salinity of 34.5 (hence a density ratio of 3.3) and 
THC of 16 Sv. All these are reasonable compared with the 
observed state (Peixoto and Oort 1992; Roemmich and 
Wunsch 1985) despite the extreme crudeness of our box 
model.
With the admittance line in Fig. 2 fixed by the current 
climate, it is seen that the case of higher convective-bound 
allows binary stable states (solid ovals), as well as an unsta-
ble (hence unrealized) saddle point (open oval). But differ-
ing from the saline mode of the ocean box-models (Rud-
dick and Zhang 1996), the cold state has the same-signed 
density contrast and THC as—though much weaker than—
the current climate. Such a state has emerged in coupled 
GCMs (Manabe and Stouffer 1988), and the convective 
bound uncovered here, which facilitates the cold branch, 
provides a plausible explanation.
4  Hysteresis
As we shall discuss in a forthcoming paper, the hysteresis 
between the two MEP states when subjected to the orbital 
forcing may account for the glacial cycles of late Pleisto-
cene. For the present study, however, we are concerned 
with the hysteresis between the warm and cold branches 
when the freshwater input is perturbed by the global warm-
ing. Since both global warming and ocean response are 
rapid compared with the millennial MEP-adjustment, the 
admittance line may be regarded as fixed by the current cli-
mate.4 For the present study, therefore, there is no need to 
consider the time evolution of the admittance as entailed in 
(23).
Following parallel GCM approaches, we first consider 
in this section the case when the freshwater perturbation is 
prescribed, and then in the next section the more justified 
case when such perturbation is internally constrained by 
the global warming.
Physically, the freshwater perturbation would move the 
density curve in the regime diagram up and down, and 
when the warm branch detaches from the admittance line, 
there would be a transition to the cold branch and vice 
versa, causing the hysteresis. To illustrate this behavior, 
4 This incidentally justifies the GCM practice of fixing the diapycnal 
diffusivity (a proxy of the admittance, see Sect. 1) after it is tuned for 
the current climate.
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one simply adds a perturbation w′ to the lhs of (10) and cal-
culates the THC (“Appendix E”), and the result is plotted in 
Fig. 3 for the two convective bounds shown in the regime 
diagram.
As expected, the THC exhibits the hysteresis like that 
seen in Rahmstorf and Willebrand (1995) but, in contrast, 
the lower convective-bound (the inner loop, dashed in 
part) allows a partial THC shut-down without invoking 
multiple convection sites.5 As this case is seen from the 
regime diagram to be monostable, switching off the per-
turbation would cause the current state to recover. The 
case of higher convective-bound (the outer loop) on the 
other hand is bistable, so a negative perturbation is 
needed to close the hysteresis loop. For this example, the 
lower limb of the hysteresis loop has vanishing THC 
and—hence—density stratification (14), which however 
constitutes a singular limit when the model equations 
break down; but before reaching this limit, it is seen from 
the regime diagram that the cold box would encounter the 
freezing point, so there would be sea-ice formation to 
counter the freshwater input and affect the differential 
5 Since the convections at different sites need not all cease at the 
same time, it allows partial shut-down of the THC. On the other 
hand, the direct effect of the local convection on the THC has been 
previously questioned as the THC depends primarily on the large-
scale density contrast (14) (Maroztke and Scott 1999; Jungclaus et al. 
2006).
solar heating and convective flux. While such feedbacks 
would render a nonzero THC, we deem the complication 
as beyond the scope of the present discussion.
Rahmstorf et  al. (2005) noted considerable spread in 
the cold-transition threshold among different models and 
attributed it to the uncertain current state.6 As the latter 
depends on the admittance that is embodied in coarse-
grained GCMs by the diapycnal diffusivity (Sect.  1), 
some model behavior can be interpreted via the regime 
diagram. A higher diapycnal diffusivity, for example, 
would flatten the admittance line to: (a) augment the 
THC, (b) raise the cold-transition threshold, and (c) favor 
the monostability—all are consistent with the GCM 
results (Schmittner and Weaver 2001; Prange et al. 2003; 
Dalan et  al. 2005). With the current state as well as the 
admittance uniquely specified by the MEP, on the other 
hand, the (dimensionless) cold-transition threshold is a 
function only of 휇 (36), and with the latter set to 0.3 (see 
“Appendix D”), this threshold has a definitive value of 
0.065. With the scale of the freshwater input estimated in 
“Appendix C”, the current freshwater input would be 
0.43 Sv, which is commensurate with that used in Rahm-
storf (1995, his Fig. 1); and the threshold perturbation is 
0.18  Sv, which is within the range seen in Rahmstorf 
et al. (2005).
It is significant to note that even with the current state 
fixed by the MEP, it can still have different modalities 
(uni- or bi-) depending on the convective bound. As the 
two convective bounds used here differ by only 5W ⋅m−2 
in the global-mean convective flux (that is, more than an 
order-of-magnitude smaller than its current value), they 
may not be easily discerned from observation. This sensi-
tivity may explain why GCM runs exhibit both scenarios 
of permanent and temporary collapse of the THC (Rahm-
storf and Ganopolski 1999). Other previous findings may 
also be explained via the regime diagram: allowing the 
atmospheric coupling, for example, would moderate the 
differential convective flux in (1) to augment the ocean 
heat transport, which in turn would raise the temperature 
curve hence the cold-transition threshold (Rahmstorf and 
Willebrand 1995); linking the atmospheric moisture- to 
heat-transport (10), on the other hand, would curl the 
density curve (in the warm branch) more sharply down-
ward to promote the cold transition (Nakamura et  al. 
1994; Marozke and; Stone 1995). With the above, it is 
seen that the regime diagram is highly effective in inter-
preting the GCM results.
6 Since the current state and the attendant freshwater input are 
uniquely determined in our model, there is no need or justification for 
aligning the warm transition among model runs by Rahmstorf et al. 
(2005).
Fig. 3  Hysteresis loops when the current state (upper circle) is sub-
jected to freshwater perturbation (w′). The inner loop (dashed in part) 
is for the lower convective bound, which is characterized by weaken-
ing and recovery of the THC within the positive perturbation due to 
the monostability. The outer loop (solid) is for the higher convective 
bound for which the bistability (two circles at zero perturbation) pre-




5  Global-warming response
The additional ice-melt by global warming is of secondary 
importance compared with increasing moisture transport 
(Manabe and Stouffer 1994; Jungclaus et al. 2006), the lat-
ter being through the higher moisture content entailed in 휇 
of (10) and (32), which we approximate as
where 훿Ta is the variation of the global-mean SAT (in 
◦C), and subscripts “0” and “1” denote its current value 
and the perturbation per degree-warming, respectively. 
Their expressions are derived in “Appendix F” based on 
an explicit consideration of the hydrological cycle, from 
which we estimate the “moistening parameter” 휇1 to be 
0.02. For the standard case, it amounts to 0.03 Sv increase 
in the freshwater input per degree-warming, similar to that 
found in GCM studies (Manabe and Stouffer 1994).
In addition to freshening the subpolar water, the global 
warming would reduce the ice albedo to increase the 
absorbed solar flux hence a smaller q′ (recall that it is the 
cold-box deficit). To include this effect on the differential 
forcing, it is approximated as
where the subscript usage follows that of (26); the “heating 
parameter” q1′ is derived in “Appendix G” and estimated 
to be 0.01 based on observations. For the standard case, it 
amounts to 1 W ⋅m−2 decrease in the differential forcing 
per degree-warming. One should note that the direct radia-
tive effect from rising CO2 is spatially uniform hence does 
not affect the differential forcing.
The above effects of the global warming can be visual-
ized in the regime diagram as follows: the decrease of the 
differential forcing (27) would lower the temperature hence 
the density-curves; and the increase of the moisture content 
(26) hence the freshwater input (10) would curl the density 
curve more sharply downward. Both thus would move the 
warm intersect (solid oval) downward along the admittance 
line and trigger the cold transition when the density curve 
becomes detached from the admittance line.
To distinguish the relative importance of the heating and 
moistening effect, partially coupled GCM runs have been 
carried out (Dixon et  al. 1999; Mikolajewicz and Voss 
2000; Gregory et al. 2005). The results are varied and dif-
ficult to interpret since they involve artificial turning-off of 
internal couplings. On the other hand, given the independ-
ent balances governing the moistening and heating param-
eters in our model (appendices F and G) and their consid-
erable uncertainty, we are justified to examine the THC 
sensitivity to these parameters.
With the method described in “Appendix H”, we calcu-
late and plot the hysteresis loop in Fig. 4 for the standard 
(26)𝜇 = 𝜇0 + 𝜇1𝛿T̄a,
(27)q� = q0� − q1�𝛿T̄a,
case where shades around the cold transition represent, 
in lessening darkness, variation of ±50% for the heating 
parameter (q1′) and ±20% for the moistening parameter 
(휇1). To the degree that the latter, even with smaller frac-
tional variation, fully encloses the former implies that 
the cold transition is far more sensitive to the moisten-
ing than the heating parameters. Quantitatively, the cold 
transition occurs around 4.5 ◦C warming, similar to that 
predicted by Manabe and Stouffer (1994) and Rahmstorf 
and Ganopolski (1999); it increases by only 1 ◦C if the 
heating effect is completely turned off (that is, q1� = 0), 
the latter thus plays only a minor role compared with the 
moistening effect.
This result is consistent with some GCM findings 
(Manabe and Stouffer 1994; Dixon et al. 1999), but at odds 
with others (Mikolajewicz and Voss 2000; Stocker et  al. 
2001; Gregory et al. 2005). Our model obviously may not 
address the inter-basin vapor transport contained in some 
GCMs, it nonetheless underscores an important but over-
looked internal coupling: that is, the warming of the sub-
polar water would reduce the atmospheric heat- hence 
moisture-transport (10), thus countering the warming effect 
on the THC. Moreover, this countering accentuates with 
decreasing THC (9), so the density curve, while being low-
ered by heating, also becomes flatter to curtail the down-
ward movement of the warm intersect. This is the reason 
why the differential heating is ineffective in our model to 
cause the cold transition, and it calls into question the jus-
tification of partial coupling when the freshwater input is 
fixed to isolate the heating effect.
Fig. 4  Same as Fig. 3 but induced by perturbation in the global-mean 
SAT. The darker and lighter shades are for ±50% variation in the 
heating parameter q
1





Thermohaline circulation: a missing equation and its climate-change implications 
1 3
Before the cold transition, one expects little change to 
the differential temperature, so it would not deter the global 
warming; after the cold transition, however, the much 
colder subpolar water would drag down the global-mean 
SAT (Rahmstorf and Ganopolski 1999) to propel the lower 
limb of the hysteresis loop. For the monostable case (the 
inner loop), the THC would recover by only about 3 ◦C 
lowering of this SAT—from its peak at the cold transi-
tion hence still 1.5 ◦C above the present; for the bistable 
case (the outer loop), on the other hand, the THC does not 
recover even if the global warming is eliminated by the 
cold transition. The uncertainty in the modality of the pre-
sent climate (Sect. 4) thus may account for these differing 
scenarios in GCM runs (Manabe and Stouffer 1993; Rahm-
storf and Ganopolski 1999; Vellinga and Wood 2002). 
Again, as discussed in Sect. 4, in a more refined model that 
considers the freezing-point bound on the water tempera-
ture, the THC would remain finite in the cold state, which 
does not alter the essential hysteresis loops.
6  Summary
We have formulated a box model of coupled ocean/atmos-
phere to examine its differential fields interactive with the 
THC, and their response to the global warming. Because of 
the non-negativity of the sea/air convective flux, we discern 
a robust “convective bound” on the atmospheric heat trans-
port, which would divide the climate regime into warm 
and cold branches (pertaining to the subpolar tempera-
ture). Unlike the saline mode of the previous box models 
however, the cold state, if allowed, has the same-signed—
though weaker—differential density and THC as the pre-
sent, which thus may explain the emergence of such state 
from coupled GCMs.
We then underscore the nondeterminacy of the “admit-
tance” linking the THC to the density contrast due to ran-
dom eddy shedding and apply the fluctuation theorem of 
the nonequilibrium thermodynamics to constrain the shed-
ding rate, thus closing the problem. The derivation shows 
that the ocean would be propelled toward the MEP on mil-
lennial timescale (termed “MEP-adjustment”), the long 
timescale arising from the compounding effect of small 
fluctuations in the shedding rate and their slight probability 
bias.
The above physical closure allows us to examine deduc-
tively the ocean response to the global warming, for which 
the admittance can be assumed unvarying hence fixed by 
the current MEP state. We first prescribe the freshwater 
perturbation, which yields similar hysteresis as seen in 
GCMs; but some differences in the model runs are read-
ily explained via our regime diagram. We then consider 
the more relevant case when the perturbation in both 
differential heating and freshwater input are internally con-
strained. The cold transition would occur with about 4.5◦C 
rise in the global-mean SAT, similar to that seen in GCMs; 
but this threshold is far more sensitive to the moistening 
than the heating effect due to the hydrological feedback on 
the latter. The THC may or may not recover depending on 
whether the current climate is mono- or bi-stable, which 
cannot be easily assessed because of the observational 
uncertainty in the global-mean convective flux.
7  Discussion
Our MEP solution pertains to the coupled ocean/atmos-
phere devoid of the land influence hence may not be closely 
compared with the observed zonal-mean fields, which are 
strongly impacted by expansive landmass in high north-
ern latitudes. The small heat capacity of the landmass 
unbounded by the freezing point strongly depresses the 
zonal-mean SAT (Jones et  al. 1999; their plate 4) to aug-
ment its meridional contrast beyond that of the SST. This 
has contributed to the wide-spread use of the SAT in restor-
ing the SST in ocean-only GCMs while in actuality the 
SAT is differentially heated by the SST to be of smaller 
meridional range absent the land influence, as deduced in 
our model.
Although the regime diagram is constructed from 
steady-state balances, some temporal behavior may none-
theless be inferred. First, as seen in Ou (2012), the posi-
tive feedback between subpolar salinity and THC renders 
a saline damping time much greater (centennial) than the 
thermal one (decadal); as such, the former, being limit-
ing, would govern the time evolution around the hysteresis 
loop, including the warm/cold transitions—a deduction that 
is consistent with the GCM results (Manabe and Stouffer 
1994; Rahmstorf and Ganopolski 1999). Second, if the 
freshwater perturbation is terminated during the cold tran-
sition, the latter would reverse course to return to the ini-
tial state without traversing the loop (see for example Dalan 
et  al. 2005). To reconcile with their bimodality, Manabe 
and Stouffer (1999) have attributed the THC recovery in 
Schiller et al. (1997) to the above transient, but an alterna-
tive interpretation is that the initial state of Schiller et  al. 
(1997) is in fact monostable and the hysteresis loop has 
already run its course. Third, as seen in Ou (2012), the 
disparate thermal and saline damping time would induce 
Atlantic multi-decadal variability, which would amplify 
when approaching the cold transition (the Hopf bifurcation, 
see Rahmstorf 1995) to increasingly mask the anthropo-
genic signal.
Our closure hinges on the warm outflow through the 
subtropical front that defines our THC hence it makes no 




which may in fact be concentrated in the Southern Ocean 
(Marshall and Speer 2012). Furthermore, it is this cross-
frontal heat transport that we posit the importance of eddy 
shedding; that is, although the heat transport within the 
subtropics may be dominated by the gyre circulation—due 
in part to the subdued thermal distinction of eddies, it does 
not contravene the above eddy importance. In other words, 
these observational complications have little import on the 
deduced THC or the climate state of our box model.
The main advance in our closure is the application of 
the NT to constrain the eddy shedding rate hence the THC. 
To include the NT in GCMs remains challenging since 
they need to resolve the micro-scale to capture the random 
eddy shedding. Using a hydrodynamic GCM, Hurlburt and 
Hogan (2000) showed that only when the grid spacing is 
reduced to 1/64 degree would the eddy shedding approach 
its observed rate. As regard the cross-frontal heat trans-
port, the coupled GCM runs of Griffies et al. (2015, their 
Fig. 9d–f) show that the eddy contribution (at 40◦N) would 
approach the mean one when the grid spacing is reduced to 
0.1°. But as seen in Hurlburt and Hogan (2000) and Bryan 
et al. (2007), the eddy/mean partition has not yet converged 
at 0.1°, so one expects further enhancement of the eddy 
importance with improving resolution. This eddy/mean 
partition notwithstanding, we see in Sect. 3 that so long as 
the eddy part is significant, the THC remains undetermined 
to be subjected to the MEP. In addition, since the EP is a 
global property, the eddy part may not be parameterized via 
local eddy diffusivity (see also Pierrehumbert 1991); there 
is thus little recourse in the GCM approach but to resolve 
the micro-scale.
Additional challenges to the GCM study of the climate 
change lie in the long time-integration needed and then 
such integration constitutes merely a single microscopic 
path, which may differ from the observed one as both are 
members of the ensemble, and only the ensemble mean as 
derived here is uniquely constrained. There is thus inher-
ent limitation to the GCM prediction of the climate change 
due, in our context, to fluctuations in the eddy shedding—
irrespective of its improved spatial resolution and detailed 
physics.
Appendix A: Acronyms
EP  Entropy production
FT  Fluctuation theorem
GCM  General circulation model
LW  Longwave
MEP  Maximum entropy production
MOC  Meridional overturning circulation
NT  Nonequilibrium thermodynamics
OLR  Outgoing longwave radiation
SAT  Surface-air temperature
SST  Sea-surface temperature
SW  Shortwave
THC  Thermohaline circulation
Appendix B: Symbols
a  Admittance
A  Surface area spanned by cold ocean-box 
(= 1.9 × 107 km2)
Bo−1  Inverse Bowen ratio over cold water (= 1)
Cd  Drag coefficient (= 10−3)
Cp,a  Specific heat of surface air (= 103 JKg−1K−1)
cp,o  Specific heat of ocean (= 4.2 × 103 JKg−1K−1)
Fw  Freshwater transport to the cold box
g  Gravitational acceleration (= 9.8 ms−2)
K  Mass exchange rate between ocean boxes (THC)
l  Decorrelation distance of eddy shedding 
(=300 km)
L  Latent heat of vaporization (2.26 × 106 JKg−1) 
Length of subtropical front (=3000 km)
q′  Cold-box deficit of absorbed solar flux
q̄c  Global-mean convective flux
qc
′  Cold-box deficit of convective flux
S̄  Global-mean surface salinity (=35)
T̄   Global-mean SST (= 15◦C)
T ′  Temperature deficit of cold ocean-box
T̄a  Global-mean SAT
Ta
′  Temperature deficit of cold atmosphere-box
Tf
′  Freezing temperature
|u′|  Surface turbulent wind (= 7m∕s)
훼  Thermal expansion coefficient 
(= 1.7 × 10−4◦C−1)
훼∗  Surface transfer coefficient 
(≡ Cd휌aCp,a|u�|[1 + Bo−1] = 14 Wm−2 ◦C−1)
훽  Saline contraction coefficient (= 7.6 × 10−4)
휌′  Density surplus of cold ocean-box.
휌a  Surface air density (= 1 Kgm−3)
휌o  Ocean density (= 103 Kgm−3)
휎  Ocean entropy production rate.
휎a  Atmosphere entropy production rate
휇  Moisture-content parameter (=0.3)





≡ [q�]∕훼∗ = 7.1◦C
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Appendix D: Moisture transport
By considering the hydrological cycle, Ou (2007) has 
linked the moisture transport at mid-latitudes to the atmos-
pheric heat transport F∗
a
 (starred for dimensional variables). 
Adjusting this moisture transport for the freshwater input 
F∗
w
 to the cold box because of the differing catchment (Ac) 
and ocean (A) areas, we have
where
In the above, Bo−1
m
 (the inverse “meridional” Bowen 
ratio) reflects the moisture content of the air column and is 
of the form
where T is the mean SAT in the frontal zone (approximated 
by the global-mean SAT) and e, its saturation vapor pres-
sure, a relation that has been validated by observation (Ou 




For the standard case, we use b ≈ 0.5 (Ou 2007, his 
Fig.  4), and settingAc∕A ≈ 3, we obtain c ≈ 0.87, so 휇 ≈ 



































































current climate, which is observed to be about 0.3 (Tippins 
and Tomczak 2003), so our selection of Ac∕A, given its high 
uncertainty, is partly to match this observation.
Appendix E: Response to freshwater perturbation
Subjected to the external freshwater perturbation w′, the 
salinity balance (9)–(10) states
Eliminating T′, S′ and 휌′ from (1), (6)–(14), we derive, for 
the warm branch,
where the admittance a can be seen from (13), (14) and (25) 
to be given by a = [2(1 − 휇)]−1 and, for the cold branch,
These equations allow us to calculate, in a reverse manner, 
the perturbation w′ given K, as plotted in Fig. 3.
Appendix F: Moistening parameter
With global warming, the inverse “meridional” Bowen ratio b 
of (33) and (30) would be perturbed as
where
and the temperature can be approximated by the global-
mean SAT (see the discussion following [10]). Setting the 
latter to 288◦K yields b1 ≈ 0.092. From (32), we derive the 
perturbation in휇,
where b0 is the unperturbed value of b. Keeping only the 
first-order terms in the perturbation and replacing T ′ with 
the symbol 𝛿T̄a, we arrive at
where 휇0 = 0.3 (“Appendix D”) and
(35)휇qc� + w� = KS�.















































For the standard case, 휇1 ≈ 0.02.
Appendix G: Heating parameter
The cold-box deficit of the absorbed solar flux from its 
global-mean is
where stars indicate dimensional variables, q∗
s
 is the inci-
dent “solar” flux for the cold box and alis its surface albedo, 
both over-barred for their global-mean counterparts. 
As their representative values, we set q̄∗
s
= 300 Wm−2, 
q∗
s
= 200 Wm−2, āl = .3 and al = 0.45 (Robock 1980, his 
Fig.  20) to yieldq∗ = 100 Wm−2, which sets the forcing 
scale [q’]. A global warming of 𝛿T̄a (in ◦C) would reduce 
the cold-box albedo by 훿al hence the global-mean albedo 
by 𝛿āl = 𝛿al/2 since the cold box spans half the global sur-
face. Dividing (43) by [q′], the non-dimensionalized forc-
ing is then
where subscripts 0 and 1 denote its unperturbed value and 
its perturbation per degree-warming with q0� = 1 and
Based on Robock (1980, his Table  11 for B in high 
northern latitudes), the fractional ice cover decreases by 
about 0.03 per degree-warming, and taking the albedo dif-
ference between the ice-covered and ice-free surface to be 
0.7, we estimate 𝛿al∕ 𝛿T̄a ≈ 0.03 × 0.7 = 0.021. Applying 
foregoing radiative fluxes to (45) yields q1� ≈ 0.01.
Appendix H: Response to global warming
Eliminating T′, S′ and 휌′ from (1), (6)–(14) yields, for the 
warm branch,
Applying (41), (44) and retaining only linear terms in 




























































which allows the calculation of 𝛿T̄a given K. The counter-
part to (46) for the cold branch is
We have again (47) but with
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